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Intercollegiate Math Tournament — Power Round (Division A)
Official Solutions

1 From Polygons to Polytopes

1.1 Introducing Pick’s Theorem

The grids in the following questions are partitioned into 1 x 1 squares and represent the 2-D lattice Z>.
Question 1.1 (10 pts). Compute the number of interior points I(P) and number of boundary points B(P)
for each of the four polygons. Compute the sum of the areas of these polygons via Pick’s theorem.
AN y
L[] HEEN
Solution 1.1. For the “I” shape,
[1(R)=0| |B(P)=32] A(a):I(HH@q:w%A:m
For the “C” shape,
[I(Po)=2| [B(Po)=36],  A(Pc) :I(PCH@ —1 :2+§ —1=19.
For the “M” shape,
[I(A) =0],  [B(Aw) =42  A(Pu)=I(Ra)+ B(gM) —1 :o+% —1=20.
For the “T” shape,
[1(P)=0| [B(P)=28] AP :I(PT)+@—1:0+§ —1=13.
The sum of all of these areas is
15+19+20+13 =[67]
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Question 1.2 (10 pts). Compute the number of interior points I(P) and number of boundary points B(P),
including the polygons that contain holes, for each of the four polygons. Classify each polygon as simple or
non-simple. Compute the sum of the areas of these polygons via Pick’s theorem.

Solution 1.2. For the “2” shape, there are no holes; hence it is . In this case, we use Pick’s theorem
normally. Thus,

B(P,) 36
2

[I(P)=0],  [B(P)=36] AR)=1(P)+ —1=0+5 ~1=17.

For the “0” shape, there are holes; hence it is . Notice that both the entire “0” shape with its

corresponding hole are simple shapes. We find the area of the entire region and subtract that from the area
of the hole. Thus,

B(F, 20
I(PO,total) =16 s B(PO,total) =20 s A(PO,total) = I(PO,total) + ( O,total) —1=16+—--1=25
2 2
and
B(P, 12
I(PO,hole) =4 s B(PO,hole) =12 A(PO,hole) = I(PO,hole) + M —1=4+—-=-1=09.
2 2

The area of the “0” shape with the hole is

A(Py) = A(Po,total) — A(Po hole) = 25 — 9 = 16.

For the “6” shape, there are holes; hence it is . Notice that both the entire “6” shape with its

corresponding hole are simple shapes. We find the area of the entire region and subtract that from the area
of the hole. Thus,

B(P, 28
I(PG,total) =38}, B(Pﬁ,totzﬂ) = 28|, A(PG,total) = I(PG,total) + M —1=8+—--1=21
2 2
and
B(P, 6
I(Ps hote) =01, B(Ps hole) = 6, A(Ps note) = I(Ps hole) + B(Porote) _ 1=0+-—-1=
2 2

The area of the “6” shape with the hole is
A(Ps) = A(Ps total) — A(Ps hole) = 21 — 2 = 19.

The sum of all of these areas is

17416+ 17+19 =[69]
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1.2 A Formal Look at Polygons and Pick’s Theorem

Let R = [0,a] x [0,b] C R? with a,b € Z~,.

Question 1.3 (10 pts). Compute L(R), B(R), and I(R) in terms of a and b.

Solution 1.3. With a grid of (a+1) x (b+ 1) points, the number of boundary points is calculated by counting
the number of points on its perimeter and subtracting this from the number of points on the corners. We get

LB =@+ )e+D]| [BR)=2a+b]| [I(B) =(@-Db-1)]

Question 1.4 (10 pts). Compute Lr(t) explicitly as a polynomial in ¢ € Zx.

Solution 1.4. We apply L(R) from the previous question to the region [0, ta] x [0, tb]. We get

| Lr(t) = abt® + (a+ b}t + 1]

Question 1.5 (10 pts). Find an example of a nonconvex simple lattice polygon and verify Pick’s theorem for
your example.

Solution 1.5. Answers may vary. One possible example is an L-shape with coordinates
{(0,0),(2,0),(2,1),(1,1),(1,2),(0,2)}. Counting the number of boundary and interior points as well
as finding its area via usual techniques gives ’ A=3,|B=8|and \ I1=0 \ Checking with Pick’s theorem,
wehave A=3=0+% 1.

4

1.3 A Look at Higher Dimensional Cases

For positive integer h, define the tetrahedron
Ty = conv({(0,0,0), (1,0,0), (0,1,0), (1,1,h)}).

Question 1.6 (5 pts). Compute Vol(7}) using the simplex volume formula.

Solution 1.6. By the simplex volume formula, we have

1 0 1 h
det [0 1 1 |=h = |Vol(T}) = 6l
0 0 h

Question 1.7 (15 pts). Show that for & > 1, T}, has exactly four boundary lattice points and zero interior
lattice points.
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Solution 1.7. Writing (z,y, z) € T}, as a convex combination gives
a(0,0,0) + b(1,0,0) + ¢(0,1,0) +d(1,1,h) witha+b+c+d=1,a,b,¢,d > 0.

Then z = b+d, y = c+d, and z = hd are our parameterized coordinates. Observe a > 0 implies b+c+d < 1.
Thus, we have z = b+d < land y = ¢+ d < 1. For lattice points, each =,y € {0,1}. We consider the
following two cases.

1. Cases = 0 or y = 0: Then, assert z = 0, giving us vertices {(0,0,0), (1,0,0),(0,1,0)}.

2. Casex =y = 1: Fromb+d = c+d = 1wegetb=c=1-d. Thena =1-b—c—d=1-2(1-d)—d =d—1.
Fora > 0,weneedd > 1. Sinced < 1frombothd <1—-b<landd<1-c¢<1,wehaved =1, so
z=h.Thus (1,1,2) € Tp, & z = h.

Therefore, T), N Z3 = {(0,0,0), (1,0,0), (0,1,0), (1,1, )} with B(T) = 4 and I(1},) = 0, as desired. O

Question 1.8 (10 pts). Show that no constants a, 8 € R can make Vol(P) = I(P) + aB(P) + § hold for all
integral convex 3-polytopes P.

Solution 1.8. We argue by contradiction. Suppose Vol(P) = I(P) + aB(P) + /5 for some constants «, 8 € R
holds for all integral convex 3-polytopes P. Then, it must hold for a specific polytope P, say, the Reeve
tetrahedron Tj, defined for Questions 1.6 and 1.7. For this polytope T}, we have h/6 = 0 + 4a + § for all
h > 1. However, the left hand side of this equation depends on h while the right hand side is constant, a
contradiction. O

2 Polynomials and Point-Counting

2.1 Generating Functions

Question 2.1 (10 pts). Consider the famous Frobenius Coin Problem: given coin values aq,as, ..., aqs (Where
ged(ar, ag, ... ,aq) = 1), we define p(t), the number of ways to make change for ¢ units of money with as
many coins of each type as we want. Find the OGF that gives the number of ways to make change for n
units of money for this general case as a rational function.”

"The case of d = 2 is popularly referred to as the Chicken McNugget problem despite Chicken McNuggets originally coming in 3
differently-sized boxes.

Solution 2.1. Since there are infinitely many coins given for each denomination, we write down each OGF
individually for each denomination. The number of ways to make change for n units of money given only
a denomination of a; units of money, 1 < i < dis 1+ 2% + 2?% + ... = ﬁ Therefore, the OGF that
generates the number of ways to make change for n units of money with these coins is

Question 2.2. Prove that the sequence {("iﬁ;l) } ZO_O is generated by the coefficients of the OGF (1 — z)™"
by: -

(a) (10 pts) an algebraic argument.

(b) (10 pts) a combinatorial argument.
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Solution 2.2. (a) (Ist Solution) By the extended binomial theorem,

a-07 =3 (7 )k = e (T e =30 (M) o

k=0

(2nd Solution) We use mathematical induction on n.

Base Case: For the case n = 1, we have

1 — (k —~(1+k—1
_ *1: — 2 e — k: k
(1—-2) T2 l+z+2°+ E <O>x kg_()( 1 )w

k=0

- k—1 k—1
Inductive Step: Suppose that (1 — z)™" Z (n N )xk . By Pascal’s identity, (n:;_ 1 > +
=0

n—1
(n 8= 1) = (n + k) Therefore,
n n

Il
[~
S
S 4+
Sl
N~
S
E
—
|
&
I
-
|
&
[~
N
S
3 +
Sl
N~
IS
Ead

(3rd Solution) Let f(x) = (1 — )~ ™. Then,
f'(@) = (=n)(1 —a)~ "+, (@) =nn+1)Q1Q —2)~ "+,

f®(z) = (=Dfnn+1)--- (n+k—1)(1 — )~ +F
and, by Taylor’s theorem,

_ = f®)(0) - (—1)kn(n+1)~-~(n+k—1 ~(n+k—-1) ,
_ _ n _ _ _
fl@)=Q1~-2) _Z k! (=) _Z k! Z n,1|k|$
k=0 k=0 k=0
—~(n+k—1\ ,
1—2)" =
(1-2) Z ( e 1 )m O
k=0
(b) The binomial coefficient ("*7") = ("*¥~') equals the number of ways that k can be written as an
ordered sum of n nonnegative integers a1, as, . .., a,. Since a; is a nonnegative integer for each i, we
can express the choices for each a; as 2% + 2! + 22 + .-+ = 1+ x + 2?4+ -+ = . Since there are n
nonnegative integers, the resulting OGF is (ﬁ)n = (1l =a)~% O

2.2 Ehrhart's Theorem

Let R = [0,a] x [0,5] with a,b € Zs.
Question 2.3 (5 pts). Take the Lg(t) you derived in question 1.4 and match coefficients with A(R) and B(R).
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Solution 2.3. We match coefficients of Lr(t) = abt?+ (a+b)t+1 (from Question 1.4) with this new definition
of R.

e Coefficient of t?: A(R) = ab = Vola(R), the volume of the polygon in two dimensions (area).
e Coefficient of ¢: @ = a+b,50 B(R) = 2(a+b), which matches the lattice point count on its perimeter.

* Constant term: 1 = x(R), the Euler characteristic for this simple polygon R.

Question 2.4 (5 pts). Compute I, (¢) and show that for ¢ > 1,

Bo,(t) = (¢ +1)" - (t - 1)".

Solution 2.4. We have t[0; = [0,#]%, so L, (t) = (¢t + 1)¢. The coordinates of the interior points satisfy
1 < <t—1foreachl < i < d, giving I(t0y) = (t — 1) for t > 1. Thus, | I(t0y) = (t — 1)?| and
B(tO4) = (t+ 1)¢ — (t — 1)%, as desired. O

2.3 Ehrhart Reciprocity and the h* Polynomial

Question 2.5 (10 pts). Compute hf; (2) for Og = [0, 1]? using
d
hty,(2) =) A(d, k) 2F

k=1

ford =2, 3, and 4.

d
Solution 2.5. The h*-polynomial of the unit cube (g = [0, 1] is given by hfy (z) = Z A(d, k) 2871, where
k=1
A(d, k) is the Eulerian number counting permutations of {1, 2, ...,d} with £ — 1 ascents.
¢ For d = 2, the Eulerian numbers are A(2,1) =1, A(2,2) = 1, and

hi,(2) =1+ z|

¢ For d = 3, the Eulerian numbers are A(3,1) =1, A(3,2) =4, A(3,3) =1, and

h, (2) =1+ 4z + 22|

e For d = 4, the Eulerian numbers are A(4,1) =1, A(4,2) = 11, A(4,3) =11, A(4,4) =1, and

h,(z) =14+ 112 4+ 112% + 2° |
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For the following questions, write

ho+hiz+---+ hdZd
1— Z)d+1

Ehrp(z) =

Question 2.6.

(a) (15 pts) Show that for t € Z>,
4 (t+d—j
= Z h; p .
=0

(b) (5 pts) Compute b and h;.

Solution 2.6.  (a) The (1 — z)?*! factor in the denominator encourages us to use the result of Question 2.2.
We obtain

goos=(E0) (£(0) £ (2 (0))

Extracting the coefficient of z* by selecting m =t — j, we obtain

d r ., .
1010 =35, fstcinnot - ] =S, (7)o, (49),

j=0 7= 7=0
as desired. 0
d d— i _
(b) e Setting t = 0, we have Lp(0) = Zhj( 4 j). Since (d;j) = 0forj > 1, we get Lp(0) = hyo.
However, 0P = {(0,0,...,0)} has exactly one lattice point, so .
1 .
e Settingt = 1, we have Lp(1) = ho(d+ ) +h1<3) +Zhj<d+cll ]). Forj>2,d+1—j<d

o (“*577) =0. Thus Lp(1) = (d+ 1) + hy, giving

|h1=Lp(1) - (d+1)]

Since Lp(1) = #(P N Z%) = I(P) + B(P), we have| hy = I(P) + B(P) —d — 1|

Question 2.7.

(@) (15 pts) Show that the sum of the h*—coefficients equals the normalized volume

h0+h1++hd:d'V01(P)

(b) (5 pts) Verify part (a) for O, = [0, 1]%.
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d )
Solution 2.7. (a) From part (a) of Question 2.6, Lp(t) = Z h; (t + Z B ]>. As a polynomial in ¢, the
3=0

leading term of (t+;l_j ) is %, independent of j. Therefore the leading coefficient of Lp(t) is

[t Lp(t) = L zd:hz.
d! J

et
By Ehrhart’s theorem, the leading coefficient of Lp(t) equals Vol(P). Hence

Vol(P) = 1

2l hj = ho+hi+---+hg=d Vol(P),

.
i M"“
o

as desired. O
(b) For Oy = [0,1]%, Vol(O4) = 1,50 hg + hy + - -+ + hg = d!. Indeed,
e ford =2, h*(z) =1+ z with a coefficient sumof 1 + 1 =2 = 2;
e ford=3,h*(z) = 1+ 4z + 22 with a coefficient sum of sum 1 +4 + 1 = 6 = 3!; and
o ford=4,h*(z) =1+ 11z + 1122 + 23 with a coefficient sum of sum 1+ 11 + 11 + 1 = 24 = 4l.

d
You can check also with the identity Z A(d, k) =d!.
k=1

Question 2.8 (10 pts). Show that for any convex lattice polygon P, question 2.7 implies Pick’s theorem.

Solution 2.8. Let P be a convex lattice polygon (so d = 2). From Question 2.6(a),

n-n(13) (7))

t+2)(t+1 tt+1 t(t—1
:ho<+)(+)+h1(+)+hz( )
2 2 2
Lp(t):h°+];1+h2t2+3h°+gl_h2t+h0

By Ehrhart’s theorem for d = 2, Lp(t) = A(P)t* + @ t + 1. By matching the leading coefficients, we have

_ho+hi+ho

A(P) :

— hg+hi1+hy = 2A(P) = Z'A(P),

which matches the desired form from Question 2.7(a). Evaluating Lp(t) att = 1, we have

which is Pick’s theorem. O
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Question 2.9. Let p(t) be a polynomial of degree < d such that

h*(z) * d
Zp :W,whereh(z)=h0+h1z+-'~—|—hdz.
t>0
(a) (20 pts) Show that deg h* < kifand only if p(—1) = p(—2) =--- =p(—(d — k)) =

(b) (15 pts) If deg h* = k, prove that p(—(d — k + 1)) = (—=1)%hy, # 0.

d )
Solution 2.9. (a) We use the formula Lp(t) = p(t) = Z h; (t * (cil B J) from Question 2.6(a). For negative
3=0

d d—j—m
=0

Jj=

integers t = —m withm > 1,

) 0 whenever 0 < d — j —m < d,i.e., when 1 < j +m < d. For j +m > d, we use the
1dent1ty ( ) = (=1)4(“"57™) for n < 0 (extended binomial theorem), giving (=7, ™) = (-1)4(?*" ).
Therefore, for 1 < m < d:

d .
p(-m)=(-)* Y hj(J +’Z_1>- (1)

j=d—m+1

(=) If deg h* ,then h; = 0 forall j > k. Form € {1,2,...,d — k}, the sum in (1) runs over

<k
j>d—-—m >d— (d—k) =k, so every h; in the sum vanishes. Hence p(—m) = 0 for each
me{l,2,...,d—k}.

(<) Suppose p(—1) = p(=2) = --- = p(—(d — k)) = 0. We prove hq = hg_1 = --- = hy41 = 0 by
downward induction on m.

e Base Case:
— For the case m = 1, p(—1) = (—1)%hq(%) = (=1)%ha = 0,50 hy = 0.
— For the case m = 2, p(—2) = (—1)¢ [hd,l (Z) + hg (dzl)] = (=1)%h4_1 = 0 (using hy = 0),

so hg—1 = 0.
e Inductive Step: Atstepm = {, hg = hg—1 = -+ = hg—p12 = 0,50 p(—¥{) = (—1)%hg_¢41-1=0,
giving hg_¢y1 = 0. At m = d — k, we obtain hy; = 0.
Thus hgy1 = hgeo == hg=0,1i.e. degh* <k. O
(b) If degh* =k, then hy, # 0 and hyq1 = hpio = --- = hg = 0. Settingm =d — k + 1 in (1):
d +d—k
p(—(d —k+1)) )d Z <=7 )
J=
Since hy41 = hpt1o = -+ - = hg = 0, only the j = k term survives, leaving us with

p(a= k) = ot (* 7Y = o) = ot

Since deg h* = k, we have hy # 0, so

p(—(d—=k+1)) = (1) (d> = (1) #0,

as desired.

9 of 25



ICMT 2026 FEBRUARY 28, 2026

2.4 Ehrhart-Macdonald Reciprocity

Let T, ;, be the triangle with vertices (0, 0), (a,0), and (0, b), where a,b € Z~,.

Question 2.10 (10 pts). Let g = gcd(a,b). Show that the hypotenuse contains exactly g + 1 lattice points, and
hence
B(Tup) = a+b+g.

Solution 2.10. Let g = ged(a, b). The hypotenuse is the segment from (a, 0) to (0, b), whose direction vector
is (—a, b). For this line segment, it contains ged(a, b) + 1 = g + 1 lattice points. The other two sides contribute
(a + 1) points on the z-axis and (b + 1) points on the y-axis. Adding these quantities and subtracting the 3
corner vertices counted twice gives

B(Tup)=(a+1)+b+1)+(g+1)—3=a+b+y,

as desired. ]

Question 2.11 (10 pts). Use Pick’s theorem to show

b +b+
Lr,,(t) = Bp aro0ry,

1.
2 2 +

Solution 2.11. The area of this triangle is A(T; ;) = %b and, from Question 2.10, B(T, ;) = a+b+g. Therefore,
by Ehrhart’s theorem for d = 2, we have

ab a+b+
Lz, ,(t) = 5t2+%t+1.

as desired. O

Question 2.12 (10 pts). Use reciprocity to express Lre, (1) in terms of the coefficients of Lr, , (?).

Solution 2.12. For d = 2, reciprocity says Lp(—t) = Lpo(t), so

&b_a+b+g+1_ ab—a—-b—g+2
2 2 B 2 i

Lrs, (1) = L, , (1) =

Question 2.13 (15 pts). Prove the identity

b—1
ka
cd(a,b) =2 L—J—l—a—i—b—ab.
ged(a, b) ;; 2
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Solution 2.13. We count the total number of interior lattice points of T} ;, by counting up the number of
interior points from each horizontal line y = k for ¥ = 1,2,...,b — 1. The hypotenuse of T ; is defined

by the equation £ 4 ¥ = 1,ie. = = a (1 = %) The z-coordinates of the interior points of T satisfy

0<z<a (1 = %), so at a particular height y = k, the number of interior points is

#{er:l<x<a(1—IZ)}: Tl(b_bk)_lJ :a—l—L%J.

Summing over k = 1,2,...,b — 1 gives
. ak 1 ak
Lre, (1) :k; (a—l— MJ) =(a—1)(b— 1)_; [7J .

Since Lze, (1) = ab*“}% from Question 2.12, solving for g = gcd(a, b) gives

b=l b=l
2 L—J:ab—a—b—{— <~ =2 L—J—i—a—i—b—ab,
20 SRR M

as desired. O

3 Counting Points Using Roots of Unity

3.1 The Sawtooth Function

Question 3.1 (5 pts). Draw the graph of ((z)). Show that it is an odd function (i.e., (—z)) = —((z))) and
periodic with period 1.

Solution 3.1. First, we show periodicity. For any = € R \ Z, we see that

(e+1)=(@+1)~lo+1] -3 =@+1)~ (o] + 1)~ ; =o— o] - 5 = (@),

x)). Thus, it is periodic with period 1. Next, we show it is an odd function. For
x€Z,(—z) =0=—-0= —(z)). Forx € R\ Z, we use the property that | —z| = —|z] — 1 to see that
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[k 1\ (ka 1
Question 3.2 (10 pts). Let P(a,b) = (E — 5) (T — 5). Using the definition of the sawtooth function,
k=1
show that - -
1« ka 1 ka
s(a,b)—P(a,b)—g k{bJ—Fi LbJ
k=1 k=1

k=1

0 < ¥ < 1, which means [ ] = 0. Thus, ((% ) = ¥ — 3. We see that

en=5G-3)(F-15-3)
b—1 b—1
DGHIGHE ]
(a,b) (a,b)—b_llz VL;J %SWJ
=1l k=1

as desired.

b—1
k k
Solution 3.2. By definition, s(a,b) = Z <b)> ((ba ) Because 0 < 1 < k < b—-1 < b, we have
k
b

a(b—1)(b—2)

Question 3.3 (20 pts). Given that the polynomial sum evaluates to P(a,b) = o

interpretation of the sums s(a, b), prove the reciprocity identity

1 1 /(a 1 b
S((L,b)-l—S(b,a):—Z—kﬁ (g‘f’@ﬁ-a)

and the geometric

Solution 3.3. We use the expression for s(a, b) derived in Question 3.2 to obtain

1

s(a,b) + s(bya) =1 — I + Is.
Using the given expression for P(a, b) gives

a(b—1)(b—2) n bla —1)(a — 2).

I = P(a,b) + P(b,a) = T oy

Using Question 2.13 with g = ged(a,b) = 1 on the rightmost term of s(a, b) + s(b, a) gives

weg g ] (8] et

k=1

s+ oth) = Pty =1 Sk 2] 35 B 4 ro) - L5k 2] 350 |2

1 k=1 k=
S [;gkm+;‘§;m]+[;§m
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Solution 3.3. (cont.) We now focus on I, the middle term of s(a,b) + s(b, a), for the rest of the required
computations. For this term, we cannot consider both sections individually. For arbitrary a, b such that
ged(a, b) = 1, we want to geometrically evaluate the sum

b—1 ka a—1 kb
bS5, where S; = k}J dS,— k}J
aS71 + bS5, where S; kz::l 2 and Sy ; o

Let R be the set of interior integer lattice points in the rectangle (0,) x (0, a). The diagonal line y = ¢ (or
ax = by) divides R into a lower triangle 77 and an upper triangle 75. Because ged(a, b) = 1, no integer points
lie exactly on the diagonal. Notice that the number of lattice points in the k-th column of T} is exactly [ %2 .
Thus, multiplying by the column index k¥ and summing over all columns gives the sum of the z-coordinates

of all points in T;. Therefore, S; = Z x. By identical logic for the rows of T, Sy = Z y. We can now
T, T
rewrite our target sum over the points in the regions as

aSi + bSy = Z axr + Z by.

(z,y) €Ty (z,y)ET2

For any pointin 73, az > by, meaning max(ax, by) = az. For any pointin T3, az < by, meaning max(ax, by) =
by. Since T} and 75 partition the rectangle R, we can unify the sum as

aSi +bSy = Z max(azx, by).
(z,y)ER

Using the algebraic identity max(A, B) = A+3+7|AB|

Zmax(ax, by) = % Z (azx + by) + Z |axz — byl.
R

The first term is a straightforward arithmetic sum over the independent variables x and y.

, we split the sum over R by

b—1a—1 b—1a—-1
%Z(ax—}-by):% a :c—f—bzz ( a_l)b(b;1)+b(b_1)a(a2—1)>:ab(a—lz)(b—l)
R z=1y=1 z=1y=1

For the second term, observe that the map (z,y) — (b — z,a — y) is a bijection on R that negates the value

1
of ax — by. Therefore, the absolute values are perfectly symmetric, and 3 Z lax — by| = Z(a:c — by). We
R T
evaluate this sum column by column over 7. Then,

- S w5 (v151-4(51( )

We substitute the fractional part {4*} = 9% — | 4% | to remove the floors. Remarkably, when expanding the
squared term, the cross-terms perfectly Cancel out the ax{ %"} terms, leaving

2 (aa? ax)?® ax ax
Z@fﬂ—by):;(azb 315 ‘z+g{b}>'

T1

Because ged(a, b) = 1, the fractional parts {22} exactly permute the values , 2, ..., %1 as x ranges from 1

to b — 1. Substituting standard formulas for the sums of integers and squares yields

a?b—-1)(2b—-1) (b—1)(2b—1) ab(b—-1) bb—-1) (a—1)(b—1)(2ab—a—b—1)
> _(az—by) = 12 - 12 1 vt~ 12

T,
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Solution 3.3. (cont.) Plugging the closed forms solutions for these two terms yields

1 1
aS1 + bS5y = ;max(ax,by) =3 Z(ax + by) + 5 Z lax — by|

R R
abla—1)(b-1) (a—1)(b—-1)(2ab—a—b—-1)
2 + 12

The remaining sum needed is I» = %Sl + %Sg = ﬁ(a& + bS5). Thus,

I — % (ab(al)(bl) . (al)(bl)(Qabab1)>

2 12
(a—1)(b—-1) (a—1)(b-1) 1 1 1
- 2 + 12 @_6_5_50
20-1)(b-1) (@-1)0b-1)/1 1 1
B 3 - 12 <*+Z+%)
20-1)(b-1) (a-1)0b-1)/1 1 1
L= 3 - 12 <*+E+Eﬂ'
Therefore,
b*lg{%a2@1)mlgbn(i+2+(;”Fm1§bn
(a—1)(b-1) (@-1)0b-1)/1 1 1
G LT <a+5+£>
and

s(a,b) + s(bya) = I + (—1Iz + I3)
B {a(b—l)(b—Q) +b(a—1)(a—2)} N {(a—l)(b—l) N (a—1)(b—1) (1 oL )}

120 12a 6 12 a b ab
a(b273b+2)+b(a273a+2)7abfafb+1+(abfafb+1)(a+b+1)
12b 124 6 12ab
@b a a ab b b oab a b 1 (1=i-i+a)atit)
12 4 60 12 4 6a 6 6 6 6 12
ab a+b a b ab a+b 1 a+b+l1-¢-1-1-1-b_142421,41
———t — == —+ - -
6 4 "6b 6a 6 6 6 12
1 edb @, b e o b, L 1
6 12 ' 6b 6a 12 126 12a  12ab 12
_l,a, b 1
4 126 12a  12ab
1 1 (a 1 b
SW@*““MZ*Z+E(b+w+E»

as desired. ]

3.2 A Crash Course in Fourier Analysis

[ Question 3.4 (10 pts). Show that V; has dimension b as a vector space over C.
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Solution 3.4. A function f € V} is completely determined by its values on a single period, for example, at
the integers « € {0,1,...,b — 1}. We can construct a natural basis consisting of b indicator functions. Let
dr € V3, be defined for k € {0,1,...,b — 1} such that:

5u(z) = 1 ifz=k (modbd)
R 0 otherwise '

Any function f € V4 can be uniquely expressed as a linear combination of these basis functions: f =

b—1
Z f(k)dx. Furthermore, such basis functions are clearly linearly independent. Suppose there exists
k=0

b—1 b—1
co,Ci,--.,Cp—1 such that chék = 0. Then, for any 7, we have that 0 = chék(i) =c¢-14+0=¢.

k=0 k=0
This implies all the ¢; are 0, showing linear independence. Since there are exactly b such basis functions and
they are linearly independent, the dimension of the vector space V}, is b. O

Question 3.5 (5 pts). Consider the following function of period 3, defined by

n: 0,1,2,3,4,5,
a(n): 1,5,2,1,5,2,-
Show that the generating function for this sequence is
o 14524222
F(z)= Za(n)z =5

Solution 3.5. The sequence 1,5,2,1,5,2,... has a generating function of
F(2)=1+52+2224+23+522 42+ 204+,
We can factor out a factor of 23+~ k =1,2,.., for every k-th block of three terms, as follows.
F(2)=(14+52+22%) 4+ 23(1 + 524+ 22%) + 2°(1 + 52+ 22%) + ...
F(2)=(Q4+52+2)1+22+25+--1)
Recognizing the infinite geometric series 1 + 23 + 26 4 - - - = =5, we get the final form

_ 145z 4222
o 1—23

F(z)

as desired. O

Question 3.6 (10 pts). By the partial fraction expansion in the previous question,

F= M0 A ae)

T l—2z 1-—wsz lfwgz’

where w; = €2™/3, a third root of unity. Find the constants a(0), a(1), and a(2). Express your answer in the
form a + bi for real numbers a, b.
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Solution 3.6. We are given F(z) = 182422 — a0) 4 o) 4 _4() ', find each constant, we can multiply

1—23 1—wsz 1-w3z
F(z) by the Corresponding denominator and evaluate the limit as z approaches the pole. Note that 1 — 23 =
(1 —2)(1 — w32)(1 — w3z). For a(0), we multiply by (1 — 2) and take z — 1 to obtain

1 222 1 1 2(1
4(0) = lim 2192228 _ 145 +2(1) _ |8}
z—1 142422 1+1+1 3

For a(1), we multiply by (1 — w32) and evaluate at 2 = w; ' = w? to obtain

1+5w2 4+ 2wf 14 2wz + 5w? 5 V3

= = ==z =t

, (1-w)(1l-ws) 3 6 2
L3

1+ 52+ 222
(1-2)(1—-wiz)|

a(1) =

For 4(2), we multiply by (1 — w?z) and evaluate at z = w3 ? = ws to obtain

1452+ 222
(1-2)(1—ws2)

1+ 5ws3 + 2w? 1 + 5ws + 2w? 5+,\/§
= = = | —— 1— |.
2

a(2) = (1 —ws) (1 — w2) 3 6

Z=W3

Question 3.7 (20 pts). Similar to what we did for the previous two questions, prove Theorem 3.3.

b—1
Solution 3.7. We wish to show thata(n) = a(m)wy™. We substitute the provided formula for the Fourier
0

3
]

b—

mk
b Z , to obtain
k=0

\ =

coefficients, a(m

bo1 () b1
a(n):Z EZ wy™

=0

Since these are finite sums, we can rearrange the order of summation to obtain

= = -
m(n—k
=52, Z
k=0 m=0

We now evaluate the inner sum over m.

b—1
* Casel:If n = k (mod b), then wy ™" = 1. The inner sum becomes Z 1 = b and the expression on the

m=0

right-hand side evaluates to 7a(n) - b = a(n).

e Case2: If n # k (mod b), then w;‘_k # 1. The inner sum is a finite geometric series that evaluates to

b—1 n—
(wnfk)m 1- ( k)b _ 1=1 -0
b n—k n—k — -
—0 1—wy 1—wy

Because the inner sum is zero for all £ # n (mod b), all terms vanish except for the single term where
k =n (mod b). For that term, the expression evaluates to ta(n) - b = a(n).

This completes the proof. O]
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Question 3.8 (10 pts). Show thatfor k = 0,1, ...,b—1, the set of functions f(n) = %wg”“ forms an orthonor-
mal basis for V;, under the inner product defined in Definition 3.4.

Solution 3.8. We check the inner product of f; and f. By Definition 3.4,

b—1 _
(fi> fr) = ij < )(\1[ b—nk) ll)g LR

n=0
4 T
o Case1:If j = k, then wV ™" = &0 = 1. The sum is 5 Z: l=,=1

We consider two cases.

o Case2: If j £ k,let A = wiik. Since 0 < j,k <b—1and j # k, A # 1. The sum is a finite geometric
series that evaluates to

b—1

1 11— \b
— =222
bn; b1—2\

Since A’ = (w})’~* = 19=F = 1, the numerator is zero, so the inner product is 0.

Thus, the set is orthonormal. Since there are b such vectors and the dimension of V; is b, they form an
orthonormal basis. O

Question 3.9 (15 pts). Consider the b-periodic functions By(n) = (%)). Show that By(n) = 7 ?ﬁ’;: for

n=1,2,...,b—1and B,(0) = 0. Note that also B;(n) = 2 cot = but you do not have to show this.
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Solution 3.9. We have that

k=0 k=0 k=1
b—1
- 1 (k 1> ok
By(n) = = S )wm
o(m) = 3 b2/
k=1
. 12k 1\ 1(/(b-1)b b—1 .
In the case that n = 0, the expression reduces to 3 ; (5 — 5) =3 T 0, which matches
the given expression at n = 0 as desired. Otherwise, we split the sum into two parts. We have
b—1 b—1
1 —nk 1 —nk 1 1
> gt = L= (o) =
k=1 k=0
and
LSS I &l i B i S
2 —n 2) -n 2 -n
b= bk:U:kb b~ 1-w b= 1—w, ¥ 1-w
b—1
Lk 1 _u
b b P b 1—wp
k=1
Adding the two parts together gives the desired answer of 3 - T_r:jz: O
Question 3.10 (10 pts). Show that
14 ™ma . mm
b — t t—.
s(a,b) 4bm§::10 5 ot
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Solution 3.10. For the scaled function B, (an), we substitute into the Fourier representation
kan

DI

By performing a change of variables m = ka mod n and noticing that as k ranges from 0 to b — 1 (since a
is coprime to b), we also have that m ranges from 0 to b — 1. Hence, letting a~* denote the multiplicative

inverse of a modulo b, we have that
b—1
By(an) = By(ma™)wi™
m=0
Applying Parseval’s identity, we have that
b—1
= Z By(an)By(n)
~03" Bina)Bm)
m=0
b—1 1 2
= i cot mma (ficot @>
=\ 20 b 2b b
b—1
1 mma~! ™
b — t t—.
s(a,b) = 2 co 5 5
By reindexing the previous summation with ka = m, we have
b—1
k. 7k
s(a,b) = 4b cot % cot ba’

O

as desired.
Question 3.11 (10 pts). We can relate the generalized Fourier-Dedekind sum back to the classical Dedekind
sum. Given the identity
Iy ;knzm_ml_i,
af=1- wk a a 2 2a
show that L
o0(1,a;b) = e s(a, b).
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Solution 3.11. Using Definition 3.6, we have

=

-1

1 1

0'0(0’71;b):7 ka
b2 (1= €)1 — &)
1b—1 1 1 1 1 1b1 b—1 1b—11
D) a s A 5
2\1-g 2)\1-¢ 2 2“175,7 2 g b2

b—1 u b—1
oola l'b):i <1+£5 ><1+€5>+ Z L Lil.
b= 1— ke 1-¢k 1-¢k 4b

k=1

In the last step, we used the fact that multiplying the index k by a does not change the middle sum. This
middle sum can be further simplified, yielding

Isn 1 O
b (1—gf)ekn bl T2 2

Therefore, using the result of Question 3.10,

as desired. O

3.3 Applications to Point—-Counting

- )

Question 3.12 (10 pts). Show that Vol(F%;) is always a polynomial in t. Compute the degree of this polyno-
mial.

Solution 3.12. The polytope P, = {z; > 0: a1z1 + - - - + aqxq = t} is a dilation by a factor of ¢ of the simplex
defined by a;x1 + - - - + aqrq = 1. We know it is d — 1 dimensional, so Vol(P;) = ¢t~V ol(P;). Since Vol(P;)
is a constant independent of ¢, the expression is a polynomial in ¢ with degree . O

Question 3.13 (5 pts). Compute Vol(P;) when d = 2.

Solution 3.13. This is just the distance between the line segment between (;—17 0) and (0, é), which is

JE ()
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Question 3.14 (20 pts). Prove that for d = 2 and coprime a1, az, the number of ways to make change is:

aitas
— t+ 2

p2(t) = W + U—t(auaz) + U—t(azéal)-

Solution 3.14. Geometrically, ps(t) is the number of lattice points on the line segment defined by a1z + a2y =
t where z > 0 and y > 0. Because gcd(aq,az) = 1, by Bezout’s lemma we know there exists at least one
integer lattice point on the infinite line. Let (x¢, o) be one such solution. All integer points on this line take
the parametric form

x =z + kag, Yy =yo — kax

for k € Z. For these points to lie on our specific line segment in the first quadrant, we must enforce the
boundaries > 0 and y > 0, yielding
Lo

2o+ kap >0 = k> 22 Yo—ka1 >0 = k<2
as a

The value py(t) is simply the geometric count of valid integers k that fall within this closed interval [— = g—?] .

The number of integers in any interval [L, R] is given by | R| —[L]+1. Assuming ¢ is not a multiple of a; or a,
(meaning the endpoints are not integers), we can rewrite the floor and ceiling functions using the sawtooth
function defined earlier as ((z)) = z — |z] — 1. For the right bound, we have

2] ()}

For the left bound (using the ceiling identity [L] = —|—L|), we have

Thus,

|
/N
Q‘QE
==
|
/N
N
Q‘@
= | S
~——
N~
|
N =
~
|
|
@‘R
IES)
+
N
/~
@‘a
N o
~
N~
+
N
~
L
—_

-mme () - ()
w1 = oo~ (2)) - ()

where the first term represents the continuous 1D volume of the segment normalized to the scales a; and a,.

The remaining terms — ((@)) = ((””—0» evaluate the fractional parts at the boundaries. Using the finite

aq as
Fourier series properties of the sawtooth function, we claim these terms are algebraically equivalent to the
Fourier-Dedekind sums o_; with a slight offset.

_ ((i?)) :o_t(az;al)—ki — <(22)) =U_t(a1;a2)+i
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Solution 3.14. (cont.) We will do the first one and the other will follow by symmetry. By writing the sawtooth
function as a Fourier series, we see that

a;—1 k
_ (@) :_L X 1+wa1wkyo.
al 2&1 P 1-— wgl @i

Since ged(ag,a2) = 1, as a new index m ranges from 1 to a; — 1, the multiples k¥ = maz (mod a;) perfectly
permute the non-zero residues modulo a;. We can safely re-index the sum by substituting & = mas, yielding

=1
B <@) _ alz 1+ Wi mazwo
a1 2&1 oot 1-— w,’ﬁa? “i ’

From our original line equation, we established that a1z + a2yo = t, which implies asyo = ¢ (mod aq).
Therefore, we can substitute w; 2% = wg;t to obtain

-1
() - B e
ay 2a, — 1—wg2 o

To match the negative exponent —t found in the definition of the Fourier-Dedekind sum o_;, we reverse the
index of summation by replacing m with a; — m (which is equivalent to mapping m — —m (mod a;)). This
inverts all the roots of unity, yielding

_«m»__lgfﬂwﬁmwm
ay 201 A= 1 —wg "2 M
1 91 4emas
=5 Z (rlriaz walmt
2@1 1— Wa,
m=1
1 = 2 —mt
=0 2 \ T ) e
m=1 1

ap—1

-1
_@g L&tw“_; it
ay a1 = 1—wait®  2a; £ @ °

=1l

The first term is exactly the definition of the Fourier-Dedekind sum o_;(as;a1). For the second term, assum-
ing t is not a multiple of a; (which is consistent with our assumption that the endpoints of the line segment
are not integers), the sum of all a;-th roots of unity is 0, meaning the sum of the non-zero powers evaluates
to —1. Applying this to the second term, we see that

_ ((yo)> =o_¢(az;a1) — 1 (—1) = o_s(az;a1) + R

aq 2(11 2&1

By symmetry, swapping the indices yields

(@)oo

Substituting these into our geometric count gives

t yo) <$o> t 1 1
t) = — z2 — — — o_ . o_ °
p2(t) ajaz ((al > ( as ajaz (azia1) 2a1 t(ar;az) 2a4

t+ ai+taz
pZ(t) - 2

s +o_i(a1;a2) + 0_¢(az; a1),

as desired. O
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Question 3.15 (10 pts). Express p§(t) in terms of pq(t).

Solution 3.15. The value pjj(t) counts the number of internal lattice points, i.e., the number of integer so-
d

lutions (1, z2,...,z4) to Z a;z; = t, where z; > 0 for all i. We can perform a change of variables. Let
i=1
y; = ¢; — 1. Since z; > 1 are integers, it follows that y; > 0. Substituting x; = y; + 1 into our constraint gives

d d d
Zai(yi—i-l):t — Zaiyi:t—Zai.
=1 =1 1=1

d
The number of non-negative integer solutions (y1, 2, . . . , ¥4) to this new equation is exactly pq | ¢ — Z a;
i=1
d
Thus, there is a bijection between the sets of solutions, and | p3(t) = pq [ ¢t — Z a;
i=1

Question 3.16 (10 pts). Prove the Ehrhart-Macdonald Reciprocity law holds for this polytope with d = 2:

p3(t) = —pa(—t).

Do not use the general reciprocity theorem for this question.

Solution 3.16. From Question 3.15, we established the bijection p$(¢) = p2(t — a1 —a2) for d = 2. Substituting
t — a1 — a into our formula for py(t) from Question 3.14 gives

(t—a1 —ap) + 952
a1a2
t— ai+az

p; (t) =—2 + 0 _(t—aj;—as3) (al; (Lg) + U—(t—al—az)(CLQ; a1)~
a1ag

pa(t) = + 0 _(t—a1—ao) (a1;a2) + O _(t—aj—as) (az;ar)

Next, we analyze the Fourier-Dedekind sums. Since the second argument of ,,(a1; az) is evaluated modulo
as (since that’s the base of all the roots of unity), the shift by —a; in the index disappears, leaving

Uf(tfalfaz)(al; az) = 0_tya, (a1;a2).
Expanding this into the form of Definition 3.6, we have

az—1 (—t+ai)k az—1 ka

o (ar;a9) = ! Wa, 1 _tk _Yaz__
—t+a,(Q1502) = — = — :
ag 7= 1— whkas a2 1—wkn

To match the terms in p,(—t), we re-index the sum by substituting k = a; —j (Whichmaps k& — —j (mod a2)),
yielding

agl

O—tta, (al;a2) = ; Z w—t( .7)
2 —

g=1

jai . ydjan

a2 — 1
= >l —“2
—'a1 - jal Jai
Was a2 j=1 )wa2

a21

ag— 1
as Z wjlll _ as ; jal

j=1 Wa,

O—tta, (@15 02) = —0¢(ai; az).
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Solution 3.16. (cont.) By symmetry, the other sum yields 0_(;_q, —a,)(a2; a1) = —0¢(az; a1). Therefore,
$+— aatas
pg (t) =—2 + Uf(tfmfaz)(al; a2) + U*(tfalfag)(a% al)
aias

t— a142r<12

= am ot(a1;az) — or(az;ar)

—t+ 111;@2
== (W +o_(-pla;a2) + 0—(—t)(a2,a1)>

p5(t) = —p2(=t),

as desired. [Since this polytope is a simplex with dimension d — 1, by Ehrhart-Macdonald Reciprocity
(Theorem 2.9), we expect p3(t) = (—1)?>"1pa(—t) = —po(—t) atd = 2.] O

ERRATUM: During the competition, this question had the wrong sign on p>(—t). We adjusted credit
accordingly to account for the error.

3.4 Higher-Dimensional Point-Counting

Question 3.17 (5 pts). Explain briefly why the assumption that gcd(a;, ar) = 1 for all j # k implies that all
poles besides z = 1 have order 1.

Solution 3.17. The generating function F'(z) has a denominator containing the factors (1 — z%). The poles
occur at the roots of unity, specifically the a;-th roots of unity for each j. A pole A will have an order greater
than 1 if and only if it is a root of the denominator multiple times, meaning it must be an a;-th root of unity
and an ay-th root of unity for some j # k. If A is both, its order must divide both a; and a,. However, we are
given that ged(aj, ar) = 1 for all j # k. The only integer dividing both is 1, which corresponds to the root
A = 1 (the pole at z = 1). Thus, any root A # 1 cannot be shared between factors, meaning all poles besides
z = 1 have an algebraic multiplicity of 1 (simple poles).

. . . . .. _ k
Question 3.18 (10 pts). Fixanindex j € {1,...,d} and a specificexponentk € {1,...,a; —1} andlet A = Wy, -

We want to find the coefficient A4; j in the term fj s Using the residue formula for a simple pole, show that:
1 1
Ajr = a—j H 71 — wa_.kam .
m#j i
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Solution 3.18. We are given the term lAj i in the partial fraction expansion, where A = wﬁj . This corresponds
toasimple poleatz = A=t = W *. We can extract the coefficient 4; ;, by multiplying the generating function
by (1 — Az) and taking the limit as z — A™*, yielding

1—A 1
Ajp= lim (1-X2)F(z)= lim Z H

z—A—1 z2A—1 1 — 2% 1 — zam ’
#J

We evaluate the first fraction using L'Hopital’s rule, taking the derivative with respect to z. We obtain

. —-A —A A%
im = = .
— ~ai—1 .- —1\a,;—1 .
oA —a;2% a;(A—1)ai a;

Since A = wk ,,itis an a;-th root of umty, meaning A% = 1. Thus, the limit of the first fraction is _- Evaluatmg
the remammg product at z = w,’ ylelds

as desired. O

Question 3.19 (15 pts). The term derived above contributes A; ;A to the coefficient of z* in the power series
expansion of F'(z). Show that

() POlyd ZO’ tal,...,aj_l,aj+1,...,ad;aj),

where Poly () is a polynomial of degree d — 1 (you need not derive an explicit form for this polynomial).

Solution 3.19. The partial fraction decomposition of F(z) is given as the sum of the pole at 5= = 1 and the
sum over other roots of unity. The pole at z = 1 has order d. from Question 2.2, the terms =47 )m expand

t
as Oy, Z ( tme )zt. Since (“T7"7') is a polynomial in ¢ of degree m — 1, the sum of these terms for

=1, 2, oo d ylelds Poly ,(t), a polynomial of degree d—1. For the remaining simple poles A = wfjj , the term

1A_j;\’€z contributes A4; ;A\’ to the coefficient of z*. Summing overall j € {1,2,...,d} and allk € {1,2,...,a;—1}
yields

d a;—1 1 51 wht

2D Awlwr) = o Z )

j=1 k=1 j=1 7 k=1 H

m#j

Comparing this to Definition 3.6, and noting that w=Fm = k(=am) this is precisely
d
Z U_t(al, ey 1,541, .,0d; (Ij). Therefore,

pd(t) = POlyd(t) + Zo,t(al, ceeyG—1,Q541,--.,04; a]‘),

as desired. O
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